Abstract. We discuss a number of illuminating results for tight binding models supporting a band with variable Chern number, and illustrate them explicitly for a simple class of two-banded models. First, for models with a fixed number of bands, we show that the minimal hopping range needed to achieve a given Chern number C is increasing with C, and that the band flattening requires an exponential tail of longrange processes. We further verify that the entanglement spectrum corresponding to a real-space partitioning contains C chiral modes and thereby complies with the archetypal correspondence between the bulk entanglement and the edge energetics. Finally, we address the issue of interactions and study the problem of two interacting particles projected to the flattened band as a function of the Chern number. Our results provide valuable insights for the full interacting problem of a partially filled Chern band at variable filling fractions and Chern numbers.
Introduction
The discovery [1] and basic understanding [2] of the fractional quantum Hall effect (FQHE) have fundamentally transformed our understanding of the macroscopic states of matter. The FQHE provides an example of a many-body state that does not fit in the conventional Ginzburg-Landau's paradigm, and urged us to introduce the concept of topological quantum order to characterize this novel state of matter and it stands out as the only experimentally accessible system where the non-trivial quantum order is realized [3] . Notably, the experimental stage of FQHE is semiconductor interfaces, where the magnetic length of the system well surpasses the microscopic lattice scale. Due to the virtue of this separation of length scales, the universal description of FQHE is available in terms of field theory, without suffering the influence from the short wave-length degrees of freedom. While this idealized setting has greatly facilitated the theoretical developments, it also underscores a major reason why the FQHE has not been seen practical applications e.g., in the context of topological quantum computing [4] , namely that the low density implies that the effective energy scale set by interactions is miniscule.
Recently, there has been great renewed interest alternative platforms for FQHE physics driven by the motivation to promote interaction scale to facilitate applications alongside with the insight that they uncover new and unexpected physics qualitatively beyond the standard continuum setting (see Refs. [5, 6] for recent reviews). This interest can be traced back to a much earlier work by Haldane who realized that in (non-interacting) systems with broken time-reversal symmetry, the electron bands can acquire an analogous property to the Landau level structure and exhibits quantized Hall conductivity even when the effective magnetic field averages to zero [7] . This class of electronic states is called (integer) Chern insulators, and have been theoretically predicted in a broad range of systems, and very recently also experimentally realized [8] . Even more strikingly, the recent theoretical insight is that electron interaction are capable of transforming the Chern insulator into the non-trivial many-body state with topological quantum order. Indeed, it was pointed out that FQHE takes place in the partially filled Chern band, if the energy dispersion is sufficiently flat, compared with the typical scale of electron interaction [9, 10, 11, 12, 13, 14] .
The transformation of the Chern insulators into the fractional quantum Hall state, generally called fractional Chern insulators (FCIs), opens a rich and fertile research area which is presently experiencing a rapid development [5, 6] . The Chern insulators are ubiquitous in a wide range of the solid state [15, 16, 17, 18, 19, 20, 21, 22, 23] as well as cold atom [24, 25, 26] systems, including the system with magnetic flux [7] , the magnetically ordered system with non-coplanar magnetic moments [21, 22, 23] , and the orbital-ordered system with broken time-reversal symmetry [16] . FCIs have even been suggested to form as collective states of light (photons) [27] . The variety of the mother systems promises a high controllability of the Chern insulators. Among the rich tuning parameters existing in these Chern insulators, it is interesting to look at the Chern number C. In contrast to the Landau level in the continuous system, where C = 1 is always realized, it is possible to assign variable integer to each band in the Chern insulator [18, 17, 28, 29] .
In fact, the controllable Chern number gives a rich variety to the FCIs qualitatively distinct from conventional fractional quantum Hall states once short range repulsion is taken into account [30, 31, 32, 33, 35, 34, 36, 37, 38, 39] . Despite impressive progress in a number of special cases, the flat band models with |C| > 1 are much less studied and the understanding of the interacting problem at generic filling fractions is far less advanced than in the |C| = 1 bands, by virtue of the fruitful Landau level analogy applicable in the former case.
In this paper, we take a step back and focus on some of the basic properties of Chern band models with variable C. For this purpose, we devise a recipe for constructing convenient tight-binding models composed of two degrees of freedom at each site, which leads to an electronic state composed of two bands, to which arbitrary integer Chern number can be assigned (depending on the tight binding parameters). The energy dispersion of this model can be made systematically flat, by introducing long-range transfer integrals and we study the effect of truncating these long range terms. In particular, we do this by computing a number of basic properties of this model, such as the ratio of band flatness to the energy gap, the Berry curvature, and one-body entanglement spectrum [40, 41] . Albeit being of most interest for interacting systems [42] , the entanglement spectrum is also known to provide useful information about topological phases free-fermions [43, 44, 45, 46, 47, 48, 49] , which we verify in the present case by recovering the bulk-edge correspondence between edge spectra and bulk entanglement. We further consider the two-particle interaction problem projected to the bands with variable C. As known in the context of the FQHE from Haldane's pseudopotential analysis [50] , key insights into the full many-body problem can be sometimes gained from the spectrum of two-body problem. In the context of C = 1 FCIs this concept has recently proven useful despite the fact that full rotational symmetry is lacking in the system [51] .
The organization of the paper is as follows. In Section 2.1, we describe the recipe for the two-band models with arbitrary Chern number and in Section 2.2 we investigate the effect of truncating the range of the hopping in flattened models. In Section 3, we analyze one-body entanglement spectrum and in Section 4 we study the interacting two-body problem projected to a Chern band. Finally in Section 5, we briefly discuss the relevance of our results, connect our findings for a specific model to generic Chern band models and relate them to pertinent recent literature.
Setup and basic properties
In this Section, we describe the formulation of a simple two band model which we will use as a workhorse for illustrating the general points we want to make. We also provide a number of instructive examples and in particular discuss the effects of a truncated hopping range.
An instructive two band model
We start with the Hamiltonian
where
is defined on a square lattice with N x × N y sites and the Pauli matrices, σ i , define an internal degree of freedom at each lattice point [52] . The band structure of this model is composed of two bands, and the Chern number C of the lower band can be classified [53] , according to the value of m, as
We set m = 1 throughout this paper, which will ensure that we stick to the topologically non-trivial regime. By introducing d-vector,
the Bloch Hamiltonian (2) can be conveniently written as
The d vector representation directly leads to a geometrical expression for the Chern number: is the Berry curvature which can be interpreted as a magnetic field in reciprocal space. Physically, the Chern number corresponds to the number of current carrying chiral edge states, which directly gives the quantized transverse conductivity σ xy = C e 2 h for a filled, hence bulk insulating, band carrying Chern number C [54, 55, 56] . In order to generate a two-band model with arbitrary Chern number from Hamiltonian (5), let us first introduce polar coordinate and express d-vector (4) as
A key observation is that the simple replacement
leads to the N-fold wrapping of the mapping [0, 2π)
we arrive at the Hamiltonian
which has a lower band with Chern number N (the upper band has C = −N). Furthermore, since the Hamiltonian of the form (10) has eigenvalues ±|d (N ) (k)|, this system has completely flat bands at ε(k) = ±1.
In real space, Hamiltonian (10) can be recast into
with the number of lattice sites, N s . The summation of R j and r j are take over the whole lattice. Indeed, the transfer integrals t αβ (r j ) =(t (N ) (r j ) · σ) αβ are long-ranged at the cost of complete flatness of energy dispersion. In Fig. 1 we show the decay of the hopping amplitudes, which is asymptotically exponential with a characteristic range that increases with Chern number.
Effects of truncated hopping range
The truncation of long-distance components can be carried out by introducing cutoff d c , and consider only the components satisfying
The resultant truncated Hamiltonian takes the form
Here, d
trunc (k) contains only the terms like cos(n x k x + n y k y ) and sin(n x k x + n y k y ) which satisfy |n x |, |n y | < d c . The energy dispersions of H (N ) trunc is now given by ε = |d introduces the limitation on the value of d c . From the observation of numerical results, d c must be d c > C for Chern number C, as we will discuss later. We note that the present model is not the shortest range model possible to create a band with Chern number C. In fact, the even simpler modification of (5), in which we make the replacement d(k) → d(m x k x , m y k y ) with any integer m x , m y gives a model that has only hopping of range m x , m y in the x-and y-directions respectively, and that has Chern number C. Of course, our model (10) is more "realistic" and homogenous in the sense that its real space representation (11) is dominated by short range terms. Nevertheless, with the alternative construction we see that only a hopping range √ C in necessary for obtaining Chern number C in two-band models. However, if the size of the unit cell is allowed to increase, only nearest neighbor hopping is needed [17] . The most intuitive way of creating such models is to couple layers each carrying C = 1 bands [17, 28] . Next we consider the energy dispersion of the large C model with a truncated hopping range. In Fig. 2 , we plot the energy bands for C = 2 and 5 with variable cutoff distances, d c . We show only the energy dispersion ε(k) for upper bands. Due to the particle-hole symmetry, the lower band has the symmetric dispersion, ε − (k) = −ε(k).
As shown in Fig. 2 there is a clear tendency that the band width decreases rapidly, as d c is increased. Comparing the band widths between the bands with different Chern numbers, e.g. (c) and (f) of Fig. 2 , we can find larger band width is obtained for the bands with larger C. In Fig. 3 , we plot the flatness ratio of the band, i.e. the ratio of the band with the band gap, as a function of d c . As noted above, the flatness ratio shows higher value for larger C. As increasing d c , the flatness ratio shows a remarkable drop. The asymptotic form can be well fitted as R ∝ 1/d to include higher harmonics in H(k) to wrap the sphere surface rapidly enough. In fact, it requires the C-th harmonics, cos(Ck x ) and cos(Ck y ), to achieve C-fold wrapping while sweeping over the entire Brillouin Zone. The requirement of long-range hopping also implies a strong non-locality of the electronic state in real space, i.e. local perturbation like on-site impurity potential affects the electronic property in a broader area for Chern insulator with higher C.
In Fig. 5 , we plot the Berry curvature for several combinations of C and d c . As shown in Fig. 5 , the Berry curvature shows a strong momentum dependence. As expected from the wrapping number interpretation of the Chern number, Berry curvature changes in a shorter momentum scale for the system with larger C. Moreover, in contrast to the energy dispersion, the cutoff d c does not crucially affect the smoothness of the Berry curvature beyond the critical value needed to create the Chern band in the first place.
This highly dispersive Berry curvature is in sharp contrast to the complete uniformity present for Landau levels. For the continuum system under a uniform magnetic field, the flat energy dispersion and flat Berry curvature can be simultaneously realized. It is not clear to what extent a dispersive Berry curvature is harmful to the realization of FCIs (see however Ref. [57] for a discussion of its possible relevance). In this context, we note that the embedding of a given lattice model in real-space generically changes the Berry curvature distribution (albeit without changing C). Nevertheless, if smooth momentum dependence is desired, interesting approach can be made by resorting to a relaxation method, by assuming the d-vector to be "classical spin". over the BZ. It may be achieved by assuming an artificial interaction between neighboring d-vector in momentum space, and obtaining its stable solution by e.g. simulated annealing. Though this procedure cannot achieve completely flat Berry curvature, it may well be an efficient approach towards obtaining a smooth structure.
Entanglement spectrum
In this section we consider the one-body entanglement spectrum for bands with higher Chern number. For this purpose, we cut the system along the x axis, and consider the N x × N y /2 strip, which is periodic in x direction, while open in y direction. The entanglement spectrum can be obtained by Peschel's trick [40, 41] . We introduce the entanglement Hamiltonian,
where a † jxjyα is an auxiliary fermion creation operator defined at site (j x , j y ) and orbital α. The coefficient h jxjyα,j ′ x j ′ y β is given by the correlation function obtained from Hamiltonian (10) , assuming the periodic boundary conditions both for x and y directions for the system of the original size: N x × N y .
By utilizing the fact that the translational symmetry is still retained in x direction, we make the Fourier transformation to obtain
The matrix h(k x ) can readily be diagonalized to give N y eigenvalues for each momentum k x , which constitute one-body entanglement spectrum of the system. Next, we consider the entanglement spectrum (ES) obtained by bipartitioning the system along the edge. In Fig.5 , we plot part of the eigenvalues of reduced density matrix against the momenta along the edge. As clearly shown here, the ES shows Cfold crossings for the system with Chern number C, regardless of the details of the system, such as the cutoff d c .
The C modes of entanglement spectrum can be derived from the C fermion edge modes, existing under the open boundary condition [43] . It may also be related to the strong non-locality in real space for the Chern insulator with large C. Imposing the open boundary condition is equivalent to removing the bonds along the edge from the system with periodic boundary condition. The existence of C edge modes imply that at least C lanes from the edge are strongly affected by the termination of the system. In other words, a local perturbation affects the state within the distance C. This is closely related to the requirement of long-distance (> C) hopping to sustain the Chern band, which implies the electronic state is highly correlated at least within the distance C.
Two-body problem
A key insight, due to Haldane in the context of the FQHE [50] , is that the low energy many-body physics can often be inferred from the much simpler problem of finding the spectrum of few-particle problems. Generalizing the core idea of Ref. [51] to systems with |C| > 1, we consider the energy spectrum of the two-body problem, where the two fermions interact through the short-range interaction:
Here, i, j means summation over the nearest-neighbor sites. We here consider the situation where the interaction strength is small compared with the band separation, and assume that the particles are confined to the lower band. Specifically, by introducing the projection operator to the lower band, P
− , we consider the following Hamiltonian,
To concentrate on the role of interaction in the projected band, we ignore the kinetic energy part in our analysis on two-body problem. Suppose that |Ψ(k) is the one-particle eigenstate with momentum k in the lower band, and c k is the annihilation operator for the momentum k in the lower band, H (C) 2 can be modified as follows:
Here,
The two particle eigenstates can be classified in terms of the center-of-mass momentum, Q as
Here, the summation of k is restricted to half of Brillouin zone (HBZ), since the wave number k ′ and Q − k ′ correspond to the same state. The states |Ψ(Q, k) have the property:
due to Fermi statistics. By using |Ψ(Q, k) as basis states, the matrix elements of the Hamiltonian (6) can be written as
By diagonalizing this Hamiltonian, one can obtain energies and eigenfunctions for each Q. In Fig. 6 we plot the eigenvalues along the representative high symmetry line through the Brillouin zone, as shown in Fig. 6(h) . Notably, the spectrum includes no more than 8 nonzero values for each center of mass momentum. In fact it is easy to understand why all other eigenvalues are exactly zero -before band projection there are precisely 8 non-zero eigenvalues in Hamiltonian (18) . In other words, non-zero eigenvalues come from only 8 types of two-particle configurations: two particles each in either of two orbitals (α) located next to each other in x or y directions. This means the rank of the Hamiltonian matrix given in (18) is at most 8, and the rank never increases by multiplying the projection matrices as in eq. (6) . In fact, except at certain high symmetry points (such as Γ in the present case) the possible number of finite eigenvalues will be saturated for a generic local interaction.
In light of the realization of FQHE, it is favorable to have a well-separated energy spectrum: By projecting out a part of them, i.e. exactly minimizing the leading terms in the simplified effective problem of independently pairwise interacting particles, a quantum liquid with short-range correlation may be realized, in close analogy with Haldane's pseudo potential argument for the FQHE. A clear separation of branches is found only for the systems with smaller C. This is in most pronounced for C = 1 ( Fig.  6(a) ) while for C = 2 ( Fig. 6(b) ), some energy gaps may still be inferred for ε ∼ 0.2 and 0.8. A closer analysis however, reveals that only gaps between pairs of energy levels are leading to stable FCIs [51, 60] , thus already for C = 2, it is likely that the present model does not support stable FCI states. Increasing C, the gaps close entirely (Fig.  6(c)-(g) ), and the spectrum develops highly entangled features. This is a further indication that the present choice of tight-binding model in combination with the specific interaction is not particularly favorable for realizing FCIs. Thinking more concretely about the variable C bands in terms of C coupled C = 1 bands it is indeed likely that a separation of energy scales, or at least a clear gap in the two-particle spectrum, would be needed to achieve FCI ground states. More specifically, if the largest two eigenvalues would be much larger than the others we would expect the realization of FCIs at filling fractions ν = 1 2C+1 [61] . Moreover, in C = 1 models it has been shown that "interaction flatness" is a good indicator for the suability of a given model for realizing FCIs [60] . Also this criteria is increasingly violated for higher C. Taken together, these observations provide a rationale for the apparent lack of realizations of FCIs in flat bands with high Chern numbers in two-band models. In fact, it was only once flat band models with unit-cells increasing in size with C [17] that FCIs were systematically identified [30, 32] .
Discussion
In this work we have approached several basic questions concerning flat band models with varying Chern numbers through explicit examples mainly using a simple class of two-band models. To wrap up we will now make a few remarks on more generic models and relate to other results in the literature while summarizing our main conclusions.
It is known that any two of the features strictly finite hopping range, non-zero Chern number and exactly flat dispersion are realizable simultaneously, while all three criteria cannot be met simultaneously [58] as long as the number of bands remains finite. It is also known that and exponential tail of hopping processes is enough to flatten the topological C = 0 bands [9] . In this work, these facts were explicitly illustrated using our simple two-band model, for which we also found that the minimal hopping range needed to achieve Chern number C is d c > C. We note however that this is not optimal, and that one can easily write down two-band models with hopping range √ C supporting (non-flat) bands with Chern numbers ±C. By merging independent N bands /2 copies of such models directly leads to models with a hopping range of 4|C|/N bands and bands with Chern numbers ±C. Interestingly, the scaling of this very simple construction coincides (up to a constant factor) with that of the related problem of finding the minimal mean hopping range while requiring entirely flat bands, which was argued to be 4|C|/πN bands by the authors of Ref. [59] .
The Berry curvature fluctuates regardless of hoping range, thus responding in a fundamentally different way to changes in the hopping amplitudes as compared to the energy dispersion. In fact, the original Dirac models (1,2) have precisely the same eigenstates as the corresponding (spectrally) flattened models including longrange hopping, hence their Berry curvature is identical throughout the Brillouin zone. Consistent with this, we found that truncating the hopping range by a finite d c in our flattened models only mildly changes the Berry curvature distribution as long as d c > C. We note that, by explicit construction, one can find models for which the Berry curvature variations decrease exponentially as a function of the total number of bands and in the continuum limit (cf. Landau levels) the Berry curvature is entirely flat. To the best of our knowledge, it remains however as an open problem to find fundamental lower limits on the Berry curvature variations as a function of Chern number and the total number of bands.
We also investigated the entanglement spectrum [42] of our model. Although recent works have stressed the potential pitfalls with inferring universal information from numerically obtained entanglement spectra [47, 48] , the correspondence between the (physical) edge theory and the bulk entanglement [42, 41, 43] worked out rather beautifully in the present case. Indeed, we generically found |C| branches of each chirality transversing the entanglement gap, precisely analogously with the |C| chiral edge state channels crossing the energy gap at each edge when the physical system is put on a geometry with open boundaries (in this case a cylinder). We also found that these results were very robust to changes in the hopping amplitudes as long as the Chern number remained unchanged, as one would indeed hope for.
Finally, we saw that the two-particle spectrum of a local interaction projected to a Chern band quickly became jagged and lacking a separation of energy scales when C is increased. This scenario is unfavorable for stabilizing FCIs, and provides a heuristic understanding of why FCIs are increasingly likely to occur in models with more bands. In retrospect, these observations provide a rationale for why the realization of FCIs in flat bands with increasingly large C [30, 32] was first made possible by the introduction of flat band models with correspondingly larger unit-cells [17, 28] .
Taken together, our observations reported in this work are likely to prove useful in future studies of the interacting phase diagram of flat band models with various Chern numbers, which still remain largely unexplored beyond the Landau-level like case of C = 1.
